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Tomogram-Reconstruction by Holographic Methods’
Helmut Platzer and Helmut Glunder

Besidesits historic relevance, this text introduces to the theory of tomographic imaging. It
starts with the question about the required number of X-ray photons for certain spatial and
grey-level resolutions of the reconstructed sectional image. The systems theoretical analysis
of the now outdated “ coded source” and “ coded aperture” schemes provides general insights
to the réle projection angles play for the depth resolution and it nicely relates to the problem
of depth resolution in microscopy. A survey of analog approaches to tomographic imaging
reveal s the most common principles of image reconstruction from projections. Finally, “ spec-
tral tomosynthesis’ by coherent-optical computing is proposed for image reconstruction.

Fundamentals of X-ray tomography

I ntroduction

The aim of X-ray tomography isto reconstruct from projections two- or three-
dimensional density functions of an object.

The elementary measurement is the chain product of the absorptions along a ray
emitted at one point of the X-ray source and recorded at a point in the detector
plane by X-ray film or a scintillation counter. Switching to object densities, i.e.
to attenuation coefficients — the logarithms of the absorptions —, then an elemen-
tary measurement becomes the corresponding line-integral. The line-integrals of
all projections are the coefficients of a system of linear equations that isto be
solvedfor the density function of the object under consideration.

To reconstruct an object essentially means, to recover its densities as differences
of nearly equal linear combinations of the measurements.
Noise

The elementary measurements are subject to quantum noise, i.e. one obtains m
counts or silver grains with an uncertainty of ~'m. The total number of photons
to be recorded or the area of arecording-film depends on the desired quality of
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the reconstructed sectional image. For an image of nx n pixelsand a grey-lev-
els, the required total number N of photonsis

N=c-n3a?,

where n denotes the number of independent grey-values along the diameter of
the reconstructed image, 1/a the relative error of the reconstructed densities, and
¢ aconstant of the order of one (Glunder & Platzer 1978).

If the projections are to be recorded on X-ray film, then the film must be of the
size of adeveloped silver grain times the number of photons given by the above
eguation. If we consider a sectional image of 1000 x 1000 pixels and a density
resolution of half a Hounsfield unit (1HU =1%o), then we require in the order of
(10%)3.(2-10%)? = 410" [counts] . Assuming silver grains of one micron size,
this means about 4-10%-107*2 = 4.10° [m?] of recording film for asingle to-
mographic reconstruction.

For n= 256 pixels aong the image diameter and 5 bit density resolution (32
grey-levels), a conveniently sized piece of X-ray film of about (13x 13) cm?
will suffice under the same assumptions. Consequently, there are image qualities
for which it isworth looking for methods of analog recording and reconstruction.

Superposition of projections

The reconstruction by linear operationsis only feasible if the quantities under
consideration are linearly combined. This holds for the established computer
aided tomography (CAT), for the recording of so-called “sinograms’ (cf. Fig. 2),
and for related methods. However, it does not hold for coded source imaging
where signals from several elementary measurements commonly overlap at one
point in the detector plane, i.e. chain products of absorption values are added be-
fore the logarithmic transformation. Thisis one of the fundamental drawbacks of
most coded source imaging techniques.

Depth resolution in coded source imaging

Another shortcoming of coded source imaging and likewise of coded aperture
imaging is the incompleteness of the measurements due to practicable source
configurations. Consequently, the reconstructed image carries certain interdepen-
dencies. Unfortunately, they cannot be corrected for theoretical reasons that will
be given in what follows. In spite of that, various attempts have been made to
reach depth resolution by coded source imaging. Among others, carefully con-
structed point arrays are used as X-ray source configurations (Weiss et al. 1977).
With this approach, one tries to extract distinct object layers by linear filtering of
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the superposed projections which means a near to point-like system response for
the layer under consideration and negligible contributions from the other layers.

X-Ray Sources fz

TR KR AT

Z
* Detector Plane

a . b

Fig.1 (a) Shadow casting of object o(x, y,z) by several X-ray sources onto a detec-
tor plane. (b) The Fourier spectrum O(fy.f,.f,) of the object, as far as it is accessible
from the shadowgram, is restricted to spatial frequencies outside the “empty cone”

L et us consider an object o(x, Y, z) whose X, y-layers are to be reconstructed at
various depths z. A typical set-up for coded source imaging isshown in Fig. 1a.
The object’ s Fourier spectrum 6( fy, fy, f,), asfar asit is accessible from the su-
perposed projections, can be obtained by the “central dlice”-theorem (Bracewel |
1956) that deals with the Fourier correspondence of a projection (see Sect. 3). To
judge the quality of reconstruction, we need to know if and how this representa-
tion differs from the ideal object spectrum O(f,, f,, f,). From Fig. 1b the loss of
all spectral components in a double-cone around the f,-axis becomes evident.
This“empty cone” results from the projection geometry, i.e. its sizeis given by
the illumination aperture and the object size, and it cannot be avoided with planar
coded sources of finite extent. Hence, coded source imaging implies highpass fil-
tering having a corner frequency that linearly rises with depth-resolution. In oth-
er words, little to no depth resolution can be achieved for low frequencies f,, fy,
I.e. the layer crosstalk mainly consists of coarse image structures. Consequently,
itisuselessto look for agorithms that improve the depth resolution for spatial
frequencies f,, f, inside the empty cone (Barrett & Chiu 1978).

The use of a priori knowledge, for instance that the object density function is
non-negative, will not be treated in this paper that is limited to methods of linear
filtering and coordinate transformations.
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| mage reconstruction in analog transaxial tomography

In CAT, three reconstruction methods are used to gain the two-dimensional im-
age of an object dlice from one-dimensional projections. Their rlein analog
systems s sketched.

Recursive

Recursive methods are well suited for implementations on digital computers and
are not suited for anal og techniques.

Deconvolution and back-projection

Presently, this approach is the most widely used technique in CAT. Itsimple-
mentation on fast computers (pipeline- and array-processors) for convolution
operations and coordinate-transformations is attractive.

» Edholm et al. (1978) have achieved good reconstructions by a corresponding
incoherent optical technique. As with most optical methods, the format of the
input datais that of a sinogram.

* Recently, amazing results have been obtained by techniques that combine
deconvolution with pointwise reconstructions of object layers (Greivenkamp
et al. 1978). The drum- as well as the loop-processor incoherent-optically
perform the deconvolution and — following opto-electronic conversion —the
reconstructed image is synthesized on a CRT-display.

» The commercially available “ Simtomix” analog tomograph manufactured by
De Oude Delft (Geluk 1976) is based on asimilar concept. Deconvolution is
also carried out incoherent-optically but image synthesisis performed by a
TV-analog processor that limits the attainable image quality.

* Peters (1974) has proposed to coherent-optically filter the so-called “layer-
gram” (back-projection). This technique explicitly operatesin the Fourier do-
main and relates to the following approach.

Spectral synthesis and equalization

“Spectral Tomosynthesis” is essentially based on the “central slice’-theorem. It
needs alarge number of one-dimensional Fourier transformations and a final
two-dimensional Fourier retransformation. Although time-consuming if imple-
mented on adigital computer, coherent-optically computed they appear at the
speed of light in the focal-plane of suitable lens systems.
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Stroke & Halioua (1977) have proposed a holographic method for three-dimen-
sional reconstructions of specimens in electron-microscopy. It alows one to syn-
thesize in a discrete way thethree-dimensional Fourier spectrum of three-dimen-
sional objects from sets of two-dimensional projections. Section 3 presents a
similar approach to the reconstruction of sectional imagesin transaxial tomo-
graphy, where theimage’ s Fourier spectrum is continuously synthesized.

Other analog methods

Finally, some new methods for analog reconstruction without digital counterpart
shall be mentioned that appear highly promising. Nishimuraet al. (1978) have
suggested sequential coherent-optical filtering. Hansen & Goodman (1978) have
obtained reconstructions fully in parallel by coherent optical inverse filtering in
combination with a spatial weighting and coordinate transformations, for which
Hofer (1979) has provided a thorough and much simplified theoretical analysis.
Furthermore, he has described in great detail the implementation of the corre-
sponding holographic filter. The method’ s great advantage is the lack of any me-
chanic movements, its drawbacks are the modified sinogram — that must be gen-
erated in a preceding process — and — if Hofer’ s technique is used — the inconve-
nient coordinates of the reconstruction.

Reconstruction by spectral synthesis (* Spectral Tomosynthesis’)

The goal of our development was to avoid, as far as possible, complicated me-
chanic arrangements that are required by the above mentioned methods (except
for the last one). Particularly, synchronous mechanic movements of the types
listed in Table 1 are difficult to achieve and often are sources of errors. The here
proposed concept does not need coupled movements or electronic synchroniza-
tions.

Technique Coupled Movements

backprojection linear / rotational

drum processor rotational / rotational / electron-beam position
loop processor linear / electron-beam position

sequential filtering linear (x) / linear (y)

According to the“ central dlice”-theorem, the two-dimensional Fourier transform
of aone-dimensional projection of an object only has values along a line through
the origin of the spatial-frequency plane that is perpendicular to the direction of
the projection (cf. Fig. 1). Hence, if all projections — generated under the contin-
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uum of angles 0 < ¢ <180° — are Fourier transformed and added under the ap-
propriate angles, then the whole spectrum of the object is available and its recon-
struction only requires an equalized two-dimensional Fourier retransformation.

The basic idea
of the proposed
concept isto
sequentially
select and co-
herent-opti-
cally Fourier
transform all
proj ection that
are stored as a sinogram (Fig. 2). These one-dimensional Fourier transforms are
generaly complex-valued and therefore must be recorded as holograms.

- 90° — - - 135° -~
Projection Angle

Snogram

Fig.2
Conventional sinogram showing the trace of a single object point
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Fig.3 Principle of the coherent-optically performed spectral tomosynthesis

A coherent-optical processor for thistasksis sketched in Fig. 3. While the whole
length of the sinogram passes in front of the dlit aperture that sequentially selects
the projections, the recording medium rotates through 180° about the optical axis.
Every projection is Fourier transformed by the cylindrical lens system and the
transforms are successively recorded as holograms. The dlit-shaped transparency
in front of the recording plane equalizes the spatial frequency spectrum. To com-
pensate for the inevitable 1/ f, -loss, the light amplitudes of the interference pat-
tern must be attenuated by /| o |. A more pronounced attenuation of low spatial
frequencies may be desirable with respect to the dynamic range demands of the
recording material. They can be reversed during the hologram reconstruction.

Only recently, the principle of holographic spectral synthesis has been experi-
mentally proved at the Optics Lab of the Institute flr Nachrichtentechnik of the
Technische Universitét M iinchen.
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The remaining problem with
the arrangement shown in
Fig. 3 isthe coupled move-
ment (linear/rotational). It
can be solved by a different
kind of sinogram. Instead on
arectangular piece of film
(Fig.2), itisrecorded on a
halfring (Fig. 4), either
directly by X-rays, or by ge-
ometric transformation of a
conventional sinogram, for
instance by a cone-mirror.

.- 90"

Modified 135°
Snogram

Projection Angle

The final apparatus is depict-
ed in Fig. 5. The modified

sinogram is coupled with the E/:g(.jiéltied sinogram showing the trace of a single
film plate. During their 180 object point

rotation, a dlit-aperture scans

the sinogram. (The dlit’ s shape depends on the sinograms’ recording geometry.)
Two mirrors bring the signal to the optical axiswhereit is Fourier transformed
by alens system. A dlit-shaped transparency in front of the film plate equalizes
the spatial frequency spectrum. The sinograms must be precisely centred, other-
wise troublesome phase errors will occur in the recording plane.

Film Plate

Fig.5
Coherent-optical processor for spectral tomosynthesis without coupled movements

On-line processing can be achieved with thermoplastic film. Such materials
allow the reconstruction of a hologram immediately after its recording.

An experimental processor according to Fig. 5 is being built for tomographic
reconstructions from computer generated sinograms.
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